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Appendix A. Analytical formulas of the point processes. 

Essential ingredient of the Thomas process is that the distance r between offspring and 
parents follows a radial symmetric bivariate normal distribution h(r,σ) where σ2 is the 
variance of the distribution. For the derivation of analytical formulas we define the probability 
H(r,σ1, σ2) that two offspring of type 1 and 2 of the same parent (but with different variances 
σ1

2 and σ2
2) are a distance r away:  

 
(A.1)

The normal distribution has the convenient property that H(r,σ1, σ2)  is also a normal 
distribution with variance σ1

2 + σ2
2. Thus, Eq. A.1 yields 

 
(A.2)

Bivariate double-cluster process under antecedent condition  

The bivariate double-cluster process under antecedent condition assumes that pattern 1 
follows a Thomas process and that points of pattern 2 are offspring of the points of pattern 1. 
We calculate the probability λ12(r) to find a type 1 point at locations l1 and a type 2 point at a 
location l2 which is a distance r = |l1 - l2| away from location l1. We need to separate the two 
cases where the type 2 point is offspring of the type 1 point and where the type 2 point is 
offspring of another type 1 point (Fig. A1). In the first case the calculation is simple: we 
multiply the intensity of type 1 points (= λ1) with the expected number of offspring (µ2 = λ2/λ1) 
with the probability that an offspring is distance r away from the type 1 point [= h(r, σ2)]. To 
derive the contribution of the second case we need to multiply the probability to find a second 
type 1 point at a location  l2 which is a vector distance R from a first type 1 point [= λ1

2g(R, 
σ1)] with the expected number of offspring (µ2 = λ2/λ1) with the probability that the type 2 
offspring is a distance |R - r| away from the second type 1 point [= h(R - r, σ2)] and integrate 
over all possible vector distances R: 



 

(A.3)

Note that H(r,σ, σ)= h(r,√2σ) (equation A2), µ2 = λ2/λ1, and λ1 = ρ2. Thus, the g12(r) for the 
bivariate double-cluster process under antecedent condition yields:  

 
(A.4)

Univariate double-cluster process  

Figure A1 shows that the second-order intensity function λ22(r) of the univariate double-
cluster follows directly from the formula for the bivariate double-cluster process under 
antecedent condition (Eq. A.4):  

 
(A.5)

Integrating Eq. A.5 using Eq. A.4 yields:  

 
(A.6)

Superposition of independent component processes  

Diggle (2003) provides a formula for the K-function of the superposition of two independent 
component processes with intensities λ1 and λ2 where λ = and λ1 + λ2:  

 
(A.7)

With g(r) = K'(r)/(2π r) we find  



 
(A.8)

Application of Eq. A.8 for superposition of two independent Thomas processes  

 
(A.9)

where p = 1, 2 for component process 1 and 2, respectively, yields the pair-correlation 
function of the superposition process:where p = 1, 2 for component process 1 and 2, 
respectively, yields the pair-correlation function of the superposition process:  

 

(A.10)

where p2 = λ2/λ= (1 - p1).  

Application of Eq. A.8 for the superposition of a homogeneous Poisson process [gH(r) = 1] 
and the nested double-cluster process Eq. A.6 [abbreviated as gD(r) = 1 + c(r)] yields  

 
(A.11)

where pC is the proportion of the points of the pattern belonging to the double-cluster 
component process.  

Note that the functional form of the nested double-cluster process (Eq. A.6) and the 
superposed double-cluster processes (Eq. A.10 and Eq. A.11) are the same. It is thus not 
possible to distinguish between these processes based on second-order characteristics alone. 
Therefore, other characteristics of the pattern, such as the distribution of the nearest neighbor 
distances, need to be analyzed additionally (Stoyan and Stoyan 1994; Diggle 2003).  

Comparison of the nested double-cluster process (Eq. A.6) with the superposed double- 
cluster processes (Eq. A.10 and Eq. A.11) shows that the parameters ρ1 and ρ2 of Eq. A.6, 
respectively, which give the intensity of the first- and second-generation parents, may not give 
the true parents intensities if the process is a superposed process. If a pattern was created by 
the superposed process (Eq. 10), but fitted with the pair-correlation function of the nested 
process (Eq. A.6), the fit will yield the parameters ρ1* and ρ2*. However, the true parents 
intensities are smaller and yield ρ2 = ρ2

2 ρ2* and ρ1 = (p1 -1)2 ρ1*. Similarly, if a pattern was 
created by the superposed process (Eq. 11), the true parents intensities are smaller and yield ρ2 
= pC

2ρ2* and ρ1 = pC
2 ρ1*.  

The fitted intensities ρ1* and ρ2* of the first- and second-generation parents can be used for 
finding evidence that a given double-cluster process may have a superposition component. A 
nested process requires that there are more offspring than parents (i.e., ρ1 < ρ2 = λ1 < λ2). 



Thus, if the fit with Eq. A.6 yields e.g.,ρ1 > ρ2 this could be taken as evidence for a 
superposition with p2 >> p1. Similarly, ρ2 > λ2 would indicate that p1 ≈ p2 since in this case the 
estimated ρ2 would be four times the “true” one.  

 

 
  
   FIG. A1. Scheme for calculating the pair-correlation function of the double-cluster 
processes. (A) Bivariate double-cluster process under antecedent condition (Eq. A 4). 
(B) Univariate double-cluster process (Eq. A 6). 
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Appendix B. Parameter fitting. 

We first calculate the discrepancy between model and data separately for the g-function (= 
error_g) and the L-function (= error_L) and by using the minimal-contrast method (e.g., 
Stoyan and Stoyan 1994; Diggle 2003) we minimize their geometric mean (= error_Lg):  

 

(B.1)

with tuning constants r0, rmax, and c. The constant r0 is the minimal scale of the fit, rmax the 
maximal scale of fit, and c a power transformation. The error functions error_g and error_L 
gives the fraction of the total sum of squares of the transformed empirical g-function and L-
function, respectively, which is not explained by the model. To fit the parameters we 
minimize the average contrast error_Lg of the g- and the L-function (Eq. B1). The usual 
approach is to minimize the contrast between the K-function and the data (e.g., Stoyan and 
Stoyan 1994; Diggle 2003). Theoretically, the g- and the L-function contain the same 
information and fitting using g or L should therefore yield the same parameter estimates. 
However, in practice we found improved results by fitting both simultaneously. The 
explanation for this is that the g-function is sensitive at smaller scales r, but approaches the 
asymptote g = 1 relatively quick at larger scales (compared to the way L approaches the 
asymptote 0). In turn, the accumulative L-function is not very sensitive at small scales but 
sensitive at larger scales. Therefore we balance between a good fit at small scales and a good 
fit at larger scales when optimizing the fit for both.  

An immediate question is how to choose appropriate values for the tuning constants r0, rmax, 
and c. If we aim to fit the large-scale component of a double-cluster process (i.e., the 
parameters σ1 and ρ1 of Eq. 2) using a Thomas process, comparison of the fitted Thomas 
process with the empirical pair-correlation function provides in general clear inductions about 
selection of r0 if the critical scales of clustering are well separated. The best approach, 
however, is to try several values for r0 and visualize the g- and L- function of the data and the 
fit. In our experience it was not necessary to use minimal-contrast methods for determination 
of r0. Because of the memory of the K-function, it was observed in the literature that the fit 
may depend sensitively on the tuning constant rmax (e.g., Batista and Maguire 1998; Plotkin et 
al. 2000). Using the pair-correlation function and the transformed K-function (Eq. 6) this 
sensitivity largely disappears. However, rmax should not be much larger than the range of the 
clustering. A power transformation with c > 1 weights larger values of L(r) or g(r) more than 
a transformation with c = 1, whereas a transformation with c < 1 weights larger differences 



less. We use in all analyses a power transformation with c = 1 for the L-function and a power 
transformation with c = 0.5 for the g-function to reduce the high sensitivity of the g-function 
to smaller scales. The error functions error_g, error_L, and error_Lg give the fraction of the 
sum of squares of the transformed L- or g-functions of the data which are not explained by the 
fit. Therefore, an assessment of the uncertainty in the estimates of the parameter σ and ρ can 
be done by determining the area in the σ-ρ parameter space for which the error is smaller than 
a certain level of say, 0.025 or 0.01.  
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Appendix C. Qualitative reconstruction of the 34 large-scale clusters of the double-cluster 
component pattern and cluster occupancy for recruits and adults. 

 
  
   FIG. C1. Qualitative reconstruction of the 34 large-scale clusters of the double-cluster 
component pattern and cluster occupancy for recruits and adults. (A) The reconstruction was 
done visually by allocating 34 circles of the expected size of the clusters over the points of 
the pattern. The size of the clusters represented by the open circles corresponds a radius of 
2.5σ1 =32m, which is the radius where about 95% of all points of a cluster should within the 
corresponding circle. (B) The random component pattern compared to the reconstructed 
clusters. (C) – (F) The different size classes compared to the reconstructed patterns. Empty 
clusters for recruits and adults are indicated by red color. Recruits were absent in 12 clusters 
and adults in 10 clusters.  

 


